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Abstract: We consider the problem of computing a triangulation of the real projective plane 
P^, given a finite point set V — {pi,p2, • ■ ■ as input. We prove that a triangulation of 
always exists if at least six points in V are in general position, i.e., no three of them are collinear. 
We also design an algorithm for triangulating if this necessary condition holds. As far as we 
know, this is the first computational result on the real projective plane. 
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Trianguler le plan projectif reel 



Resume : Nous considerons le calcul de la triangulation d'un ensemble fini de points V = 
{pi,P2, ■ ■ ■ ,Pn} dans le plan projectif. Nous demontrons que la triangulation existe toujours des 
lors qu'au nioins six points dc V sont on position gcncralc, c'cst-a-dirc que trois d'cntrc cux nc 
sont jamais alignes. Nous proposons egalement un algorithme pour trianguler si cette condition 
necessaire est remplie. A notre connaissance, c'est le premier resultat algorithmique connu pour 
le plan projectif reel. 

Mots-cles : Geometric algorithmique, triangulation, complexe simplicial, geometric projective, 
algorithme 
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1 Introduction 

The real projective plane is in one-to-one correspondence with the set of lines of the vector 
space M.^. Formally, is the quotient P^ = M^— {0} / ^ where the equivalence relation ~ is 
defined as follows: for two points p and p' of P^, p ~ p' if p = Xp' for some A S M— {0}. 

Triangulations of the real projective plane P^ have been studied quite well in the past, though 
mainly from a graph-theoretic perspective. A contraction of and edge e in a map M removes e 
and identifies its two endpoints, if the graph obtained by this operation is simple. A4 is irreducible 
if none of its edges can be contracted. Barnette [1] proved that the real projective plane admits 
exactly two irreducible triangulations, which are the complete graph Kq with six vertices and 
if 4 + K3 (i.e., the quadrangulation by with each face subdivided by a single vertex), which are 
shown in Figure [TJ Note that these figures are just graphs, i.e. the horizontal and vertical lines 
do not imply collinearity of the points. 




Figure 1: The two irreducible triangulations of P^. 

A diagonal flip is an operation which replaces an edge e in the quadrilateral D formed by two 
faces sharing e with another diagonal of D (see Figure [2]). If the resulting graph is not simple, 
then we do not apply it. Wagner [18] proved that any two triangulations on the plane with the 
same number of vertices can be transformed into each other by a sequence of diagonal fiips, up 
to isotopy. This result has been extended to the torus [5], the real projective plane and the Klein 
bottle [TB]. Moreover, Negami has proved that for any closed surface F^, there exists a positive 
integer N{F^) such that any two triangulations G and G" on with \V{G)\ = \V{G')\ > N{F^) 
can be transformed into each other by a sequence of diagonal flips, up to homeomorphism [14]. 
Mori and Nakamoto [TT] gave a linear upper bound of (8n — 26) on the number of diagonal flips 
needed to transform one triangulation of P^ into another, up to isotopy. There are many papers 
concerning with diagonal flips in triangulations, see [H] [7] for more references. 




Figure 2: A diagonal flip. 

In this paper, we address a different problem, which consists in computing a triangulation of 
the real projective plane, given a finite point set V = {pi,p2, ■ ■ ■ ,Pn} as input. 

Definition 1.1 Let us recall background definitions here. More extensive definitions are given for 
instance in U9\ 
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• An (abstract) simplicial complex is a set K together with a collection S of subsets of K called 
(abstract) simplices such that: 

1. For all V £ K, {w} G S. The sets {v} are called the vertices of K . 

2. IfrCaeS, then t e S. 

Note that the property that a, a' Cz K ^ a H a' < a, a' can be deduced from this. 

• a is a k-simplex if the number of its vertices is k + 1. If t <Z a , t is called a face of a. 

• A triangulation of a topological space is a simplicial complex K such that the union of its 
simplices is homeomorphic to X. 

All algorithms known to compute a triangulation of a set of points in the Euclidean plane use 
the orientation of the space as a fundamental prerequisite. The projective plane is not orientable, 
thus none of these known algorithm can extend to P^. 

We will always represent by the sphere model where a point p is same as its diametrically 
opposite "copy" (as shown in Figure [3l^a)). We will refer to this sphere as the projective sphere. A 
triangulation of the real projective plane P^ is a simplicial complex such that each face is bounded 
by a 3-cycle, and each edge can be seen as a greater arc on the projective sphere. We will also 
sometimes refer to a triangulation of the projective plane as a projective triangulation. 




(a) (b) 



Figure 3: (a) The sphere model of P^. (b) ISpqr separated from its "copy" by a distinguishing 
plane in R"^. 

Stolfi |17j had described a computational model for geometric computations: the oriented 
projective plane, where a point p and its diametrically opposite "copy" on the projective sphere are 
treated as two different points. In this model, two diametrically opposite triangles are considered 
as different, so, the computed triangulations of the oriented projective plane are actually not 
triangulations of P^ . Identifying in practice a triangle and its opposite in some data-structure is 
not straightforward. Let us also mention that the oriented projective model can be pretty costly 
because it involves the duplication of every point, which can be a serious bottleneck on available 
memory in practice. 

The reader should also note that obvious approaches like triangulating the convex hull of the 
points in V and their diametrically opposite "copies" (on the projective sphere) separately will 
not work: it may happen that the resulting structure is not a simplicial complex (see Figure |3] for 
the most obvious example), so, it is just not a triangulation (see definition II. ip . 

1.1 Terminology and Notation 

We assume that the positions of points and lines are stored as homogeneous coordinates in the 
real projective plane. Positions of points will be represented by triples (a;,?/, z) (with z 7^ 0) and 
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Figure 4: The convex hull of duplicated points is not a triangulation. 

their coordinate vectors will be denoted by small letters like p, q,r, . . .. Positions of lines will also 
be represented by triples [x, y, z] but their coordinate vectors will be represented by capital letters 
like L, M, N, . . .. We shall also state beforehand whether a given coordinate vector is that of a line 
or a point to avoid ambiguity. Point p and line M are incident if and only if the dot product of 
their coordinate vectors p- M = 0. If p and q are two points then the line L = pq can be computed 
as the cross product p x g of their coordinate vectors. Similarly the intersections of two lines M 
and N can be computed as the cross product M x TV of their coordinate vectors. 

We denote the line in R'^ corresponding to a point p in by V{p). A plane in R'^ which 
separates Aabc from its diametrically opposite "duplicate copy" on the projective sphere will 
be referred to as a distinguishing plane for the given triangle (see Figure [31(b)). Note that a 
distinguishing plane is not unique for a given triangle. Also note that such a plane is defined only 
for non-degenerate triangles on the real projective plane. 

1.2 Contents of the Paper 

We first prove a necessary condition for the existence of a triangulation of the set V = {pi, P2, ■ ■ ■ , Pn} 
of . More precisely, we show that such a triangulation always exists if at least six points in V 
are in general position, i.e., no three of them are coUinear. So if the number of points n in P is 
very large, the probability of such a set of six points to exist is high, implying that it is almost 
always possible to triangulate P^ from a point set. 

We design an algorithm for computing a projective triangulation of V if the above condition 
holds. The efficiency of the algorithm is not our main concern in this paper. The existence of an 
algorithm for computing a triangulation directly in P^ is our main goal. As far as we know, this 
is the first computational result on the real projective plane. 

The paper is organized as follows. In section ^ we devise an "in-triangle" test for checking 
whether a point p lies inside a given Aabc. In section |31 we first prove that a triangulation of 
P^ always exists if at least six points in the given point set V are in general position. We then 
describe our algorithm for triangulating P^ from points in V. Finally, in section HI we present 
some open problems and future directions of research in this area. 

2 The Notion of "Interior" in the Real Projective Plane 

It is well-known that the real projective plane is a non-orientable surface. However, the notion of 
"interior" of a closed curve exists because the projective plane with a cell (any figure topologically 
equivalent to a disk) cut out is topologically equivalent to a Mobius band [9] . For a given triangle 
on the projective plane, we observe that its interior can be defined unambiguously if we associate 
a distinguishing plane with it. The procedure for associating such a plane with any given triangle 
will be described in Section [31 For now we will assume that we have been given Apqr along with 
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its distinguishing plane in M.^ . We further assume for simplicity that this plane is z = for the 
given Apgr (as shown in Figure [3I^b)). Consider the three lines V{p), V{q) and V{r) in . These 
lines give rise to four double cones, three of which are cut by the distinguishing plane. We define 
the interior of Apqr as the double cone in M"^ which is not cut by its distinguishing plane. Based 
on the above definition, we define a many-one mapping s : ^ M"^ from points in to points 
in as follows: 

s{p) = s{x,y,z) ^ < (0,1, |) z = 0,x^O; 

[ (0,0,1) z = 0,x = 0. 

Given three points a = {xq, J/Oj ^o), b = {xi,yi, zi), c = {x2,y2, Z2) and a point p = (a;, y, z), p lies 
inside Aabc if 



and it lies on the perimeter of Aabc if 
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Here Si — s{xi,yi, Zi) for i = 0,1,2, and s — s(x,y,z). The function sign{m) returns 1 if m is 
positive, if m is zero, and —1 if m is negative. The reader should note that similar to the oriented 
projective model [17j . there is no notion of interior when all a, 6, c and p are at infinity. We now 
consider the case when the distinguishing plane in is ax + /Sy + jz — 0, where a,f3,j are 
arbitrary constants. We use a linear transformation matrix A4 for transforming the given plane 
into the plane z = according to the equation Ai ■ p' — p, where orientation is preserved. This 
transformation takes the coordinate vector p of a point to the vector p' . Now the s-mapping of 
equation (1) can be used for the "in-triangie" test with the new coordinate vectors, as described 
above. For the case when 7 ^ 0, we have 



-(/3"+7") g 

M= , ^ " 

—(3 07 7 

For the case when 7 = 0, /3 7^ 0, we have 



M = 



— g 





-1 







(4) 



Finally, we have the case when 7 = /3 = 0. In this case, we simply make the X-axis the new 
y'-axis, the K-axis the new Z'-axis, and the Z axis the new X'-axis. So our tranformation matrix 
Ai is as follows: 



M 



1 

1 
1 



(5) 



Note that all the transformation matrices given by equations (2), (3) and (4) are orthogonal 
matrices, i.e., M.^^ = . 
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3 Computing the Projective Triangulation of a Point Set 

We now proceed to discuss our algorithm for triangulating the real projective plane given a point 
set V — {pi,p2, ■■■,Pn} as input. We number the points in this section for diagramatic clarity. We 
first prove the following simple result for point sets in P^; 



Figure 5: (a) Every point set V has a Ki-quadrangulation, unless {n — 1) points are coUinear. (b) 
and (c) A if4-quadrangulation is sufficient for triangulating the real projective plane. 

Lemma 3.1 // among every set of four points in the point set V at least three points are collinear, 
then at least (n — 1) points in V are collinear. 

Proof: It is easy to see that the lemma holds if all points in V are collinear. So we may safely 
assume that this is not the case. We prove the above lemma by the method of contradiction. 
Assuming that no set of (n — 1) points are collinear. Consider a set of four points {1,2,3,4} as 
shown in Figure [nija). Since among every set of four points, at least three are collinear, so we 
assume that 1, 2 and 3 are collinear. Now consider a fifth point 5 instead of 3, and assume that it 
does not lie on the line L = 12. From the given condition, it must lie on the line M = 14. But 
now no three points among the set {2, 3, 4, 5} are collinear, a contradiction! 

Corollary 3.1 // [n — 1) points are not collinear in the given point set V , then there exists a set 
of four points inV , no three of which are collinear. 

We call such a set of four points a K^-quadrangulation. CoroUarv 13.11 states that every point set 
V in which no (n — 1) points are collinear contains a if4-quadrangulation. We now make the 
following important observation that such a point set can be used to construct a triangulation of 
the projective plane (see Figure [ll(b,c)). We have the following lemma: 

Lemma 3.2 A K^-quadrangulation can be used to construct a projective triangulation. 

Proof: Consider the points of the i4r4-quadrangulation on the projective sphere and construct the 
lines (great circles) {12,13,14,24,23,34} (see Figure [5][b,c)). The intersection of these six lines 
define three more points {p,q,r}. We call these points pseudo-points because these may or may 
not be points in P. It is now easy to see that the resulting triangulation is a simplicial complex 
and is isomorphic to the projective triangulation shown in Figure [Ija). 

The reader should observe that every triangle in the above triangulation has precisely two 
copies on the projective sphere which are diametrically opposite (see Figure [5l[b,c)). So it now 
becomes possible to associate a distinguishing plane with each triangle in the above triangulation 
unambiguously. For every Aabc in the projective triangulation, we can take the plane through 
the center O of the projective sphere and parallel to the plane passing through the end-points 
a, h, c of one copy of Aabc. Given a query point u, we can now determine the triangle inside which 
it lies. We will use this fact quite extensively in our algorithm. The procedure described above 
is incomplete in the sense that we triangulate the real projective plane with the help of some 
pseudo-points. We now give a necessary condition for computing a projective triangulation from 
a point set V. The reader should observe that every triangle in Figure [Hb,c) is incident with 
exactly one pseudo-point. We will refer to the set of triangles incident to one pseudo-point as a 
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region. Note that any two regions have the same set of vertices. For constructing a projective 
triangulation from V we will initially take help of pseudo-points, but we will go on deleting them 
as their use is over. We now present the following lemma: 




Figure 6: (a) and (b) Symmetric cases for constructing a projective triangulation. (c) A canonical 
set always exists when six points in V are in general position. 



Lemma 3.3 // there exists a set of six points {say, {1,2,3,4,5,6}) in a given point set V such 
that four of them {say, S = {1,2,3,4}) form a Ki-quadrangulation and the other two {say, {5,6}) 
are in different regions of the projective triangulation formed by S, then it is possible to triangulate 
the projective plane using these six points, unless {n — 2) points in V are collinear. 

Proof: We give a constructive proof of the above statement. We first construct a projective 
triangulation with the set {1,2,3,4} (as described above). Suppose points 5 and 6 he in the 
regions associated with the pseudo-points p and q respectively (see Figure [IK a,b)). We now add 
point 5 and make it adjacent to the vertices of its bounding region, deleting the pseudo-point 
p and the edges it was incident with. The newly added edges are shown by dashed lines. The 
pseudo-points have also been kept for better understanding. We now add point 6 and delete the 
corresponding pseudo-point q and the edges it was incident with. Now we intend to delete the 
pseudo-point r and construct a valid projective triangulation using only points in V. Here we 
make the important observation that either the edge 12 or 34 can be flipped. To see this, note 
that if flipping of neither of these edges was possible, then 6 must lie to the "left" (as shown in 
FigurelDJa)) or "right" (as shown in Figure[6^b)) of both the lines 52 and 54, in which case flipping 
of edges would induce crossings. (Note that we refer to a point being on the "left" or "right" of a 
line only locally with respect to front half of the projective sphere.) However, the edge 24 lies in 
between these two lines and 6 cannot lie to its left (resp. right). Thus, our claim holds. 

Suppose the edge 12 can be flipped. We then construct a valid projective triangulation by 
flipping 12, deleting the pseudo-point r and adding the edge 12 in that region. Observe that the 
projective triangulation constructed is isomorphic to that shown in Figure [ijb). In the event that 
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flipping of neither 12 nor 34 is possible, all four points 5,2,4,6 must be collinear. Since such a 
flip is also not possible with any other point in V, they must all lie on the line 524, implying that 
(?i — 2) of the points in V are collinear. 

We will refer to such a ii'4-quadrangulation which has two points of V in different regions as a 
canonical set. We now have almost all the basic tools required for triangulating the real projective 
plane from a point set V. All that we need to characterize is the existence of a canonical set. So 
far we have not used anywhere the assumption that at least six points in V are in general position. 
It turns out that there always exists a canonical set in V in this case. We have the following 
lemma: 

Lemma 3.4 // at least six points in V are in general position, then there exists a canonical set. 

Proof: We prove this lemma by the method of contradiction. We assume that the lemma does 
not hold, so for every _R'4-quadrangulation in V, all other points of V are in the same region. 
Consider a iir4-quadrangulation {1,2,3,4} in V. Suppose we add two more points 5 and 6, and 
they lie in the same region (as shown in Figure [^c)). Now consider the iir4-quadrangulation 
formed by {4, 6, 3, 5}. If this is to satisfy the property that all points in V lie in exactly one of its 
regions, then it is easy to see that 2 must lie on or to the right of the line 54. But now 2 and 6 lie 
in different regions of the ii'4-quadrangulation {4, 5, 1, 3}, a contradiction! 

So we now have a procedure for triangulating the real projective plane given a point set V 
with at least six points in general position. We summarize our results in the following theorem: 

Theorem 3.1 Given a point set V = {pi,p2, ■ • . ,Pn} with at least six points in general position, 
it is always possible to construct a projective triangulation. 

We now present our algorithm which outputs a triangulation of the real projective plane given a 
point set V = {pi,P2, ■ ■ ■ ,Pn} with at least six points in general position. 

1. Find a set S — {1, 2, 3, 4, 5, 6} of six points such that no three points in S are collinear. 

2. Construct a projective triangulation with the set S. Associate distinguishing planes with 
every triangle of the triangulation. 

3. for all points p e VXS do 

4. Identify the triangle Aabc in which p lies. 

5. Make p adjacent to the vertices a, b and c. Make the distinguishing 
plane of Aapb, Abpc, and Acpa the same as that for Aabc. 

6. end for 

7. return(triangulation of P-^). 

There are two possible approaches for finding the set S in step 1. In the first approach, we 
arbitrarily choose a starting point q and initialize our set S = {q}. For any point p G VXS, we add 
p in 5 if p is not collinear with any two points in S. We stop when S contains six points. It may 
happen that we are not able to find such a set S of six points if we start with any random starting 
point q. So we iterate over all points in V for choosing the starting point. This approach has a 
worst-case time complexity of O(n^). A sHghtly better approach can be adopted for performing 
step 1, which works in 0(n) time if we assume that the minimum line cover of the point set V 
is greater than 4. In this approach, we first choose any two points 1 and 2. Let the line defined 
by them be L. We delete all other points in V on L. We now choose two more points 3 and 
4. Let the line defined by them be M. We delete all other points in V on M. We also delete 
all other points on N (the line defined by 1 and 3) and T (the line defined by 2 and 4). Now 
choose two more points 5 and 6. We now have the required set S = {1,2,3,4,5,6}. It is easy 
to see that this approach takes 0{n) time if the minimum line cover of V is greater than 4. The 
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above two approaches work reasonably well for most point sets. However, for certain point sets, 
it may happen that both these approaches fail to find such a set S. We are currently unaware of 
an optimal method for finding such a set which works in all cases. We believe that some approach 
similar to that used for solving the "ordinary line" problem can be adopted for finding the same 
(see for instance [ini US [3] ) . After having found such a set 5, we find a canonical set within S by 
a procedure similar to that described in Lemma 13.41 

Once we have a canonical set, constructing the projective triangulation in step 2 takes 0(1) 
time. We store the triangulation in a DCEL so that addition and deletion of edges and vertices 
takes 0(1) time. The loop in steps 3-6 runs once for every point p G 'P\5. Inside the loop, we 
use our "in-triangle" test (as described in Section [2]) for testing whether a point lies inside a given 
triangle. We use a procedure similar to that described by Devillers et al. in [4] for identifying Aafoc 
inside which p lies. We first choose any arbitrary vertex t of the current projective triangulation. 
We then identify the triangle whose interior is intersected by the line L = tp. This test is performed 
by checking for all edges E of all triangles sharing vertex t whether the intersection of L and the 
line described by E lies inside the given triangle (see Figure [Tl^a)). After having identified the 
starting triangle, we move to its neighbor sharing the edge E. In this way, we "walk" in the 
triangulation along the line L. We stop when p lies inside the current triangle. Although this 
method of "walking" in a triangulation has a worst-case time complexity of 0(n), it is reasonably 
fast for most practical purposes. So the loop takes a total of O(ri^) steps. Thus, our algorithm 
computes a projective triangulation from a given point set V in 0{rfi) steps. 

As mentioned in the introduction, the complexity of the algorithm is not our main concern in 
the present paper. Still, note that our algorithm is incremental, which is an important property 
in practice. 0{p?) is a standard worst-case complexity for incremental algorithms computing 
triangulations in the Euclidean plane. After step 2, instead of inserting the points incrementally, 
we could do the following: for each point, find the triangular face of the initial triangulation 
containing it. Then, in each of these faces, triangulate the set of points using the usual affine 
method. This can be done since the convex hulls of subsets of points in a triangular face of the 
initial triangulation can be defined with the help of distinguishing planes. This yields an optimal 
O(nlogn) worst-case time (non-incremental) algorithm. 




Figure 7: (a) "Walking" in a projective triangulation. (b) Two copies of the edge pq, only one is 
cut by the distinguishing plane. 



4 Conclusion and Open Problems 

It woud be interesting to check whether the metric on allows to define a triangulation of the 
projective plane that would extend the notion of Delaunay triangulation, which is well-known in 

^as suggested by an anonymous reviewer 
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the Euclidean setting. Then, extending the randomized incremental insertion with a hierarchical 
data-structure such as [2] to the projective case, if possible, would lead to an incremental algorithm 
with better theoretical (and practical, too) complexity. 

Also, problems like the Minimum Weight Triangulation 13J, Minmax Length Triangulation [S], 
etc., may have meaning even on the real projective plane. The Minimum Weight Triangulation 
problem was neither known to be NP-Hard nor solvable in polynomial time for a long time [8]. 
This open problem was recently solved and was shown to be NP-Hard by Mulzer and Rote jT5]. 
The Minmax Length Triangulation problem asks about minimizing the maximum edge length 
in a triangulation of a point set V. This problem was shown to be solvable in time 0{n^) by 
Edelsbrunner and Tan [6 . It would be interesting to analyze the complexity of these problems on 
the real projective plane P^. 
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Geometric realization of a triangulation on the 
projective plane with one face removed 

C. Paul Bonnington* Atsuhiro Nakamoto^and Kyoji Ohba^ 



Abstract 

Let M be a map on a surface F^. A geometric realization of M is an embedding 
of into a Euclidean 3-space such that each face of M is a flat polygon. We 
shall prove that every triangulation G on the projective plane has a face / such that 
the triangulation of the Mobius band obtained from G by removing the interior of 
/ has a geometric realization. 

Keywords: triangulation, geometric realization, Mobius band, projective plane 

1 Introduction 

Let F"^ be a surface with at most one boundary component and let G be a map on F"^. 
If has a boundary, we suppose that some cycle of G coincides with the boundary of 
F^. Such a cycle of G is called the boundary of G and denoted by dG. A k-cyde means 
a cycle of length k. A triangulation on F"^ is a map on such that each face is bounded 
by a 3-cycle. A vertex of G not on dG is called an inner vertex. (An inner vertex of a 
path means a vertex not on the ends.) Throughout this paper, we suppose that the graph 
of a map is simple, i.e., with no multiple edges and no loops. For a cycle or path C in G, 
a chord of C means an edge xy of G such that x,y E ^'^{C) but xy ^ E{C). A k-wheel is 
a triangulation on the disk such that its boundary is a A;-cycle, called a rim, and there is 
only one inner vertex adjacent to the k vertices on the boundary. We often use symbols 
with subscripts to express vertices and so on, in which the subscripts are taken by suitable 
modulus. 

A geometric realization of a map G on a surface F^ is an embedding of F^ into a 
Euclidean 3-space M? such that each face of G is a flat polygon. We denote a geometric 
realization of G by G. Steinitz's theorem states that a spherical map has a geometric 
realization if and only if its graph is 3-connected [10]. Moreover, Archdeacon et al. proved 
that every toroidal triangulation has a geometric realization [1]. In general, Griinbaum 
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Figure 1: A Mobius triangulation with no geometric realization 

conjectured that every triangulation on any orientable closed surface has a geometric 
realization [6], but Bokowski et al. recently showed that a triangulation by K12 on the 
orientable closed surface of genus 6 has no geometric realization [3]. (See also a good 
survey paper [5].) 

Let us consider nonorientable surfaces, in particular, the projective plane. Since the 
projective plane itself is not embeddable in M^, no map on the projective plane has 
a geometric realization. However, the surface obtained from the projective plane by 
removing a disk, which is a Mobius band, is embeddable in , and hence we can expect 
that a triangulation on the Mobius band has a geometric realization. For simple notations, 
we call a triangulation on the projective plane and that of the Mobius band a projective 
triangulation and a Mobius triangulation, respectively. 

In this paper, we consider geometric realizations of Mobius triangulations. However, 
Brehm [4] has already found a Mobius triangulation with no geometric realization shown 
in Figure 1, in which both express the same Mobius triangulation. (In Figure 1, identify 
the vertices with the same label. In the right side, the shaded part means the hole.) 

Can we get an affirmative result for geometric realizations of Mobius triangulations? 
In this paper, answering such a question, we prove the following. 

Let G be a projective triangulation and let / be a face of G. Let G — f denote the 
Mobius triangulation obtained from G by removing the interior of /. 

Theorem 1 Every projective triangulation G has a face f such that the Mobius trian- 
gulation G — f has a geometric realization. 

Why does Brehm's example have no geometric realization? We can prove that for each 
of its spatial embedding, the two disjoint 3-cycles 123 and 456 have a linking number at 
least 2. (See [9] for the definition of the linking number.) However, two 3-cycles with 
straight segments have linking number at most one, a contradiction. Hence we have the 
following fact. 

Fact 2 If a Mobius triangulation G has a boundary cycle C of length 3 and a 3-cycle 
C' disjoint from C which forms an annular region with C' , then G never has a geometric 
realization. 
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A graph G is said to be cyclically k-connected if G has no separating set S C V{G) of 
G with 1 5 1 < A; — 1 such that each connected component of G — S has a cycle. 

Let G be a projective triangulation. By Fact 2, the cyclically 4-connectedness of G is 
necessary for a geometric realization of G — / for any face / of G. We conjecture that 
the condition is also sufficient, as follows. 

Conjecture 3 Let G be a projective triangulation. Then G is cyclically A-connected 
if and only if G — f has a geometric realization for any face f of G. 

2 Irreducible Projective triangulations 

Let G be a triangulation on a surface and let e be an edge of G. Contraction of e (or 
contracting e) is to remove e and identify the two endpoints of e. Furthermore, if this 
yields a digonal face bounded by a 2-cycle, then we replace the pair of parallel edges with 
a single edge. Let [e] denote the vertex in the resulting graph obtained from e by its 
contraction. The inverse operation of the contraction of e is a splitting of [e]. We say that 
e is contractible if the map obtained from G by contracting e has no multiple edges and 
loops, and that G is contractible to T if G can be transformed into T by contractions of 
edges. An irreducible triangulation is one with no contractible edge. 

See two projective triangulations Vi and 7^2 in Figure 2, in which we identify each 
pair of antipodal points of the hexagon. The graphs of Vi and V2 are isomorphic to Kg 
and K4 + i?3, respectively, where i?„ denotes a graph with n vertices and no edges. Let 
All be the Mobius triangulation obtained from Vi by removing a vertex and five faces 
incident to it, and let J^2 be the one obtained from V2 by removing a vertex of degree 4 
and four faces incident to it. The graph of Aii is isomorphic to K5, and so Ali is called 
a K ^-triangulation. On the other hand, the graph of M.2 includes a quadrangulation by 

with vertex set {1, 2, 3, 4}, which is called a K^- quadrangulation. 




Vi V2 
Figure 2: Irreducible projective triangulations Vi,V2 and their submaps M.i,M.2 

Lemma 4 (Barnette [2]) The projective plane admits exactly two irreducible triangu- 
lations, which are Vi and V2 shown in Figure 2. 
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Let us construct a geometric realization of an irreducible projective triangulation with 
one face removed. For a point x and a straight segment e not intersecting x in R^, let 
A(a;,e) denote the unique triangular disk in containing x and the endpoints of e as 
its corners. Let M be a map and let M denote a geometric realization of M. Fix a point 
X in R"^ not contained in M. We say that an edge e of M is (completely) seen from x if 
A(a;, e) intersects M only at e, and that an edge e of M is half seen from x if an interval 
e' of e containing one of the endpoints of e is completely seen from x. 

Proposition 5 Let P be an irreducible projective triangulation. Then P — f has a 
geometric realization for any face f of P. 

Proof. For each Vi, we first construct a geometric realization of the Mobius triangulation 
Aii contained in Vi. Figure 3 shows how to construct geometric realizations Aii and M.2- 
In particular, we take the following 3-dimensional coordinates in M^: 

• For Ml, a = (0, 0, 8), 6 = (-4, 0, 0), c = (0, 4, 4), d = (0, -4, 4), e = (4, 0, 0) 

• For A^2, a = (-4,0,0), b = (0,0,2), c = (4,0,0), d = (0,0,4), e = (4,0,0) 
p = (0, -4, 1) and q = (0,4, 1). 




BUC addA,D add E 




Figure 3: How to construct M.i and M.2 



In order to complete a geometric realization of Vi with one face removed, we have only 
to add four triangular disks incident to dMi and three triangular disks to dM.2- Observe 
that for i = 1, 2, there is only one edge on dXii which can not be completely seen from us 
in Figure 3. Such an edge in dAii is cd, and the edge in dj^2 is ab. Therefore, for Mi, 
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fixing a point x close to our eyes in ^ (for example, x = (1, —1,20)), we can add four 
triangular disks A{x, ah), A(rE, be), A(x, de) and A(a;, ea) with no internal collision of any 
two triangular disks. For M.2, fixing a fixed point x = (1, —1, 20) in , for example, we 
can add three triangular disks A{x,bc), A(x,cd) and A{x,da). Thus, each Vi with some 
single face removed has a geometric realization. 

It is easy to see that for any two faces / and /' of "Pj (z = 1,2), there exists a 
homeomorphism over the projective plane carrying / into /', and hence each of Vi and 
P2 with any single face removed has a geometric realization. ■ 

Remark 6 In the geometric realization of Aii shown in Figure 3, b and c are contained 
in a half-space ofM? with respect to a plane containing a, d and e. ■ 

3 Planar patches 

A plane graph G with boundary walk C of length m > 3 is said to be a near triangulation 
and denoted by (G, C) if C is a cycle and if each inner face is a triangle. Let vq, . . . , Vk-i 
be k distinct vertices, called the nodes, specified on dG in this cyclic order, where Vi and 
ViJ^i are not necessarily adjacent in C, for each i. Let Pi be the path, called a segment, on 
C joining Vi and Vi+i but not containing Vi^2, for i = 0, . . . , A; — 1. A near triangulation 
{G, C) is said to be good if no Pi has a chord. 

Lemma 7 Let {G,C) be a near triangulation. If C has no chord, then G — V{C) is 
connected or empty. Moreover, each vertex on C is incident to G — V{C). 

Proof. We use induction on |V^(G)|. If |V^(G)| = 3, then the lemma clearly holds 
since G — V{C) is empty. Hence we suppose that |V(G)| > 4. Let v e V{C) and let 
P = Vi ■ ■ - Vk be the path of G consisting of the neighbors of v, where Vi, Vk G V{C). 
Since G has no chord, we have k > 3. Let G' = G — v, which is a near triangulation 
since G is chordless. Observe that G' might have chords incident to ^2, . . . , wa;-i- Let 
Bi, . . . , Bm be the chordless near triangulations contained in G' sharing these chords one 
another, where m > 1. By induction hypothesis, the interior Bi of each Bi is connected 
or empty. Moreover, every Bi has some Vj on its boundary for j E {2, . . . , k — 1}, and 
hence the vertex Vj is incident to Bi. Therefore, G = G — V{C) is connected, since 
V{G) = {v2, . . . , Vk-i} U V{Bi) U • • • U V{Bm). Clearly, every vertex on C is incident to 
G, since C has no chord. ■ 

We often use the following lemma to find a suitable subgraph in a near triangulation 
or a Mobius triangulation. Let {G,C) be a near triangulation and let x,y E V{C). A 
path joining x and y and intersecting C only at x and y is called an internal {x,y)-path. 
The following immediately follows from Lemma 7. 

Lemma 8 Let {G,C) be a near triangulation and let x,y E V{C) with xy ^ E{C). 
There is cm internal {x,y)-path in {G,C) if and only if there is no chord pq for any 
p,q E V{C) — {x, y} such that x,p,y,q appear on C in this cyclic order. ■ 
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An embedding / : C — > M'^ is called an exhibition if f{Pi) is a straight segment in 
for z = 0, . . . , A; — 1, and if /(C) is projected to some hyperplane as a convex A;-gon. 

Note that each vertex of C which is not a node is also fixed by /. This notion was first 

introduced in [1]. 

Lemma 9 Let {G, C) be a good near triangulation with nodes vq, . . . , Vk-i lying on C in 
this cyclic order, where k > 3, and let f : C ^ M'^ be an exhibition. Then f{C) extends 
to a geometric realization of {G, C) contained in the interior of the convex hull of f{G). 

Proof. We use induction on |y(G')|. If |V^(G')| = |V^(C)| = 3, then we have nothing to 
do. If |V'(C)| = 3 and |V^(G)| > 4, then (G, C) is a maximal plane graph, and /(C) is 
contained in a plane in M^. It has already been proved in [11] that a maximal plane graph 
has a straight-line embedding on the plane with a given outer triangle. 

So we suppose that |T''^(C)| > 4. Then we can take a chordless internal {x, y)-path 
P for some vertices x,y E V{C) belonging to distinct segments of C. (Such a P can be 
taken, by Lemma 8.) Consider two good near triangulations (Ci,Ci) and (G2,C2) such 
that V{Gi) U V{G2) = V{G) and V{Gi) n ^(Gs) = V{P). Now, regarding x and y as 
new nodes and joining x and y of /(C) by a straight-line segment corresponding to P in 
, we can naturally obtain the exhibitions of Ci and C2, say /(Ci) and /(C2). Then 
the convex hulls of /(Ci) and /(C2) intersect only at P. By induction hypothesis, Gi 
and G2 have geometric realizations Gi and G2 extended from /(Ci) and /(C2), which are 
contained in the convex hulls of /(Ci) and /(C2), respectively. So, Gi UG2 is a geometric 
realization of G containing /(C) and contained in the convex hull of /(C). ■ 

Figure 4 shows an example of a near triangulation D and its geometric realization 
extended from an exhibition of dD. 




X 



W X 




Figure 4: A geometric realization of D 



Lemma 10 Let {G,G) be a good near triangulation with nodes Vo,Vi,V2, where vqVi G 
E{G). Suppose that G has a face bounded by vvqVi, where v G V{G — C). Let D be 
any triangular disk with corners Uo,Ui,U2. Then, for any inner point p of D, there is 
a straight-line embedding of G on D with each segment of C straight such that each Vi 
coincides with Ui, for i = 0, 1, 2, and that v coincides with p. 
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Proof. Observe that G has a chordless path, say P, from v to some u G V{C) — V{Pq), 
since G has no chord vqVi. We may suppose that u G V{Pi) — {t'l}. Then the three paths 
vvq,vvi,P decompose G into three good near triangulations. In D, even if we specify 
any inner point p as the position oi v, we can choose a point q on the segment U1U2 of 
D as the position of u so that the three straight segments puo,pui,pq decompose D into 
three convex polygons. Since each boundary of the three polygons is an exhibition, we 
can apply Lemma 9 to them. ■ 

Note that Lemma 10 does not necessarily hold if an embedding of C into dD is fixed. 
However, moving the positions of inner vertices of the segments V1V2 and V0V2 on C 
suitably, we can obtain a required embedding of G into D. 

4 Projective triangulations with i^4-quadrangulations 

We classify the projective triangulations into those with a K4-quadrangulation as a sub- 
graph and those not containing it. In this section, we deal with the former. 
We first put an important lemma. 

Lemma 11 (Menger [7]) Let G be a graph and let v,vi, . . . ,Vk be distinct vertices of 
G. Then G has k disjoint paths from v to Vi for i = 1, . . . ,k, if and only if there is no 

5 C V{G) — {v,Vi, . . . , Vk} separating v and {vi, . . . , Vk} in G such that \S\ < k. 

Lemma 12 // a projective triangulation G has a K^^-quadrangulation K as a subgraph, 
then G has a subdivision of V2 containing K such that each path of G corresponding to 
an edge is chordless. 

Proof. Let K be a Ki-quadrangulation contained in G and let Ai,A2 and be the 
three facial 4-cycles of K. Let Ai = abed and let Bi be the plane subgraph of G with 
boundary Ai. 

We take an inner vertex Vi of Bi not contained in the interior of any separating 3-cycle 
of Bi, as follows. Since G is simple, we have ac.bd ^ E{Bi), and hence Bi has an inner 
vertex. If Bi has no separating 3-cycle, then let vi be any inner vertex. Otherwise, let 
C be a separating 3-cycle of Bi containing a maximal number of vertices in the interior. 
Since ac,bd ^ E{Bi), at least one vertex of C, say v, is not contained in Ai. By the 
maximality of C, v is not surrounded by any separating 3-cycle. Therefore, let Vi = v. 

Then, by Lemma 11, there are four disjoint paths Pa, Pb, Pc, Pd from Vi to a, 6, c, d in 
Bi. Note that each of the four paths can be taken to be chordless if they are chosen to 
be shortest. Similarly, we can find a vertex Wj in the interior of A^ which has four disjoint 
paths to the four vertices of A^, for z = 2,3. Therefore, G contains a subdivision of V2 
containing K. ■ 

Proposition 13 If a projective triangulation G has a K^-quadrangulation as a sub- 
graph, then G — f has a geometric realization for some face f of G. 
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Proof. By Lemma 12, G has a subdivision of V2 containing a K4-quadrangulation K. 
Let V{K) = {a,b,c,d} and let {^"1, ^"2, ^^3} be the vertices of G corresponding to K3, as 
in the above lemma. Suppose that Vi is in the interior of the 4-cycle abed. Let D denote 
the plane subgraph of G bounded by Pa,Pb, o-b, where Pa and Pb are the chordless paths 
from vi to a and b, respectively. Let / be the face of D incident to ab. Let G' be the 
Mobius triangulation obtained from G by removing the interior of D. By Proposition 5 
and Lemma 9, G' has a geometric realization G', since each disk corresponding to a face 
of P2 is a good near triangulation. Even if D consists of several faces of G, we can put 
D — f in dG' avoiding a collision of faces, by Lemma 10, moving the positions of inner 
vertices of Pa and P^ suitably. ■ 

Lemma 14 (Mukae and Nakamoto [8]) // a projective triangulation G has no K4- 
quadrangulation as a subgraph, then G is contractible to Vi. ■ 

5 Split-i^s's in projective triangulations 

Consider the irreducible projective triangulation Vi isomorphic to Kq. Let v be a vertex of 
Vi and let be the link of v. Let G be a projective triangulation contractible to Vi. Then 
G has a cycle, say C, which is contracted to Ly. We call C a rim in G. Clearly, cutting 
G along a rim C, we can obtain a Mobius triangulation Gm and a near triangulation Gd 
both of whose boundaries are C such that Gm is contractible to a Ks-triangulation JUi, 
and Gd to a 5- wheel W^- 

Let A4i be a i^5-triangulation with vertices vo,vi,V2,vs,V4, where dA4i = V0V1V2V3V4 
is called the boundary. Consider a splitting of a vertex Vi of Aii- Then there are two 
ways of splitting Vi into two vertices Vi and v'^ of degree 3. The splitting of Vi is called 
a boundary splitting when both Vi and v'^ lie on the boundary, where we always suppose 
that Vi,v'i,Vi^i lie on dJ^i in this order. Otherwise, it is called an inner splitting, where 
we always suppose that v-i lies on dA4i. A split-Kr^ is a map H obtained from M.i by 
applying either a boundary splitting, an inner splitting, or no splitting to each vertex of 
M.I, and subdividing edges. We call a vertex of H whose degree is greater than 2 is a node 
and a path in H containing only two nodes as its two endpoints a segment. Clearly, Gm 
contains a split-Ks H as a subgraph so that dH = SGm- We say that a vertex v of Gm 
is called a boundary split node (resp., an inner split node) if w is a node of H arisen by a 
boundary (resp., inner) splitting. Moreover, {vi,v\} is called a boundary split pair (resp., 
an inner split node) if they arose by a boundary (resp., inner) splitting. (See Figure 5.) 

Throughout this paper, let P{a, /3) denote the path of H contained in a segment 
joining two vertices a and /3. The following is the main result in this section. 

Lemma 15 Let G be a projective triangulation contractible to Vi. Then G contains a 
rim C separating G into a Mobius triangulation Gm o,nd a near triangulation Gd both of 
whose boundaries are C such that 

(i) Gm has a split-K^ H with either none or a single boundary split pair such that 
dH = C (in the former case, the nodes of H lying on C are Vq, Vi, V2, V3, v^, and in 
the latter case, those are Vq, v'q, Vi, V2, V3, V4^, where {vq, v'q} is a boundary split pair), 
and 
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Figure 5: and split-Ks 



(a) in {Gd, C), for any fixed k e {0, 1, 2, 3, 4}, there exists a vertex v e V{Gd — C) which 
has five chordless disjoint paths Qi to Vi intersecting C only at Vi, for z = 0, 1, 2, 3, 4, 
such that Qk has just an edge. 

Proof. We first prove (i). Suppose that {a', a"} is a boundary split pair arisen from 
a node a, as shown in Figure 6. Then a triangular region abc of A^i corresponds to a 
region Q with nodes a', a" , b, c. Note that if we take P(a', a") to be shortest in G, then Q 
has no edge yz with y G V{P{a' , cj) — {a'} and z G V{P{a' ,a" j) — {a'}. (For otherwise, 
taking z instead of a' , we can take a smaller region corresponding to Q.) Therefore, by 
Lemma 8, we can take an internal (a',x)-path P for some x on either P{a",b) — {a"} 
or P{b, c) — {6, c}. In the former case, putting H' = H — P{a", x) U P, we can decrease 
the number of boundary split pairs. In the latter case, consider H' = H — P{a", b) U P, 
in which b can be regarded as a boundary split node but a is not. Hence we can gather 
several boundary split nodes into at most one node. 




Figure 6: Move the position of a boundary split node 

Next we consider (ii) in which we may suppose that k = 0, and that C is chosen in 
G so that Gd has a minimal number of vertices. Then, Gd has no chord. For a simple 
notation, we put Gd = D- 

If (D, C) has only one inner vertex, then (D, C) is a wheel, by Lemma 7, and hence 
the lemma clearly holds. Therefore, (-D, C) has at least two inner vertices. Pick up any 
neighbor v of -^'o with v ^ V'(C). This is possible since C has no chord in (D, C). Since v 
and Vq are adjacent in D, we want to take the remaining four disjoint paths Qi from v to 
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Vi such that Qi intersects C only at Vi, for i = 1,2, 3, 4. If this is impossible, one of the 
following holds for any v, by Lemma 11, 

(1) There is 5 C V{D — C) — {v} with jS*! < 3 separating {v} from {vi, V2, v^, v^} in D' 
for any v, 

(2) there is 5 C V{D — C) — {v} with \S\ < 2 separating {v,vi} from {1)2, ^3, ^4} (or 
{v, W4} from {^1, V2, V3}) in D' for any or 

(3) there is 5 C V{D — C) — {v} with l^l < 1 separating {v,Vi,v^} from {v2,V3}, 
{{v,Vi,V2} from {vs,V4}, or {w,i'3,i'4} from {^1,^2}) in D' for any v. 




Figure 7: Structures of D 



We shall prove that in each of the above cases, we can take another rim C bonding a 
fewer number of vertices, and then getting a contradiction to the minimality of C. 

(1) Let S = {p,q,r}. (The case when l^l < 2 is similar.) Then there is a path 
L = apqrb of length exactly four, where a e ^(-Po) — {vo,Vi} and b G ^(^4) — {vo,Vi}. 
Here we choose a and b to be nearest to Vq on Pq and P4, respectively. See Figure 7(1). 
Take the unique path J joining a and b and consisting of neighbors of p, q, r lying on the 
side containing vq with respect to the cut L of {D, C), and let C = JUP{a, wi) UPi UP2 U 
P3 U P{v4, b). Then C has no chord, and hence the near triangulation with boundary C 
is a minor of a wheel with rim C, by Lemma 7. Moreover, specifying b = vq and adding 
P{vo,b) to H, we can take a split-i^s with boundary C, contrary to the minimality of 
D. Now consider the case when there is v'q on Pq. If v'q is on P(a,Vi), then specify v'q as 
before, and otherwise, add the path P{vq, a) to H and specify a = v'^. 

(2) Let S = {p,q}. Similarly to the case (1), we can find a path L = apqb of length 
exactly three, where a G V{Pi) — {V2} and b G V{P4) — {vo,V4}. See Figure 7(2). Take 
the unique path J consisting of neighbors of p and q lying on the side containing Vq with 
respect to L, and consider the smaller plane graph with no chord and including p and q. 
Then we can specify a = Vi and b = Vq and add P{vo, b) and P{vi, a) to H. If there is v'q 
on Pq, then add P{v'q,vo) to H. Another case is similar. 

(3) Take S = {p} and consider the path L = apb, where a G V{Pi) — {V2} and 
b G V{P3) — {vs}. See Figure 7(3). Take the unique path J consisting of the neighbors of 
p lying on the side containing Vq with respect to L, and consider the smaller plane graph 
with no chord and including p. Then we can specify a = Vi and b = V4^. Moreover, since 
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D has no chord, we can find a path from vq to p intersecting C only at vq, by Lemma 8, 
and hence we can specify one of inner vertices on J — {a, b} as a new vq. If there is v'q on 
Pq, then add P{v'q,Vo) to H. Other cases are similar. ■ 

6 Lemmas for geometric realization 

Let H he a split-Ks on the Mobius band and let w be a node of degree 4 on dH. Suppose 
that H has a geometric realization H. Let A, B and C be three flat faces of H incident 
to V in this order. In H, v is said to be of type / if C bends to the same side of A with 
respect to B, and of type E otherwise. (See Figure 8, where the left and the right show 
nodes v of type I and I, respectively.) In M.i shown in Figure 5, only the vertex a is of 
type I and others are of type I. 




Figure 8: Vertices of degree 4 of type I and I 

Suppose that a node v is of type I, where AnB = e and B nC = e', and a = An dH 
and c = C n dH. For H, take a half-plane tta parallel to A with boundary the straight 
line a but not containing e, and a half-plane ttc parallel to C with boimdary the straight 
line c but not containing e'. It is easy to see that if tta and wc share a half-line, iA,c, 
with endpoint v, then an inner splitting of v in H can be realized without changing the 
positions of all nodes of H. Such a condition is called an inner splitting condition of v 
in H. The following gives a criterion for a node of type I satisfying the inner splitting 
condition. 

Observation 16 A node v of type I satisfies an inner splitting condition if e and e' is 
contained in a half-space of with respect to a plane containing a and c. ■ 

See Figure 9, where (a) is an inner splitting and (b) is a boundary splitting of a vertex 
of type I. (On the other hand, the left of Figure 8 is a vertex of type I which does not 
satisfles an inner splitting condition, since ttc collides with ^4.) 

Let / be a face of a geometric realization H such that the boundary of / contains 
exactly k nodes. We say that / is convex if / is a convex A;-gon whose nodes are vertices 
of the k-gon f. We say that H is convex if each face of H is convex. 

Lemma 17 Suppose that H' is obtained from H by a single inner splitting of a vertex v 
of degree 4, and H has a convex geometric realization H . If v is of type I satisfying an 
inner splitting condition in H, then H' has a convex geometric realization. 
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Figure 9: Inner and boundary splittings of a vertex of type I 
Proof. Put v' on Ia,c close to as shown in Figure 9. ■ 

Lemma 18 Suppose that H' is obtained from H by a single boundary splitting of a vertex 
V of degree 4, and H has a convex geometric realization H. Then H' always has a convex 
geometric realization. 

Proof. Put v' on e', and move the position of v along e slightly, as shown in Figure 9. ■ 

7 Projective triangulations contractible to Vi 

In this section, we shall construct a geometric realization of a projective triangulation G 
contractible to Vi with one face removed. By Lemma 15, G has a split-Ks H with bound- 
ary C, in which C has exactly five nodes ^-'o, t'l, 1^2, '^^3, '^^4 or six nodes VQ,v'Q,vi,V2,vr^,Vi. 
Let Gm and G/j be the Mobius triangulation and the good near triangulation obtained 
from G by cutting along C. Let Pi be the path on C joining Vi and t^j+i, not containing 
for i = 0,1,2,3,4. 

Lemma 19 Gm has a geometric realization Gm such that each segment on C is a 
straight-line segment, and that from some fi/xed point x in W\ an edge, say e, on P4 
incident to vq is half seen, and all other edges on OGm can be completely seen. In partic- 
ular, if Pq bends at v'q, then the convex hull of Pq can be completely seen from x. 

Proof. For constructing a geometric realization of Gm, we use that of Jvii shown in the 
top of Figure 3, where b and e are of type I satisfying the inner splitting condition, by 
Remark 6 and Observation 16. Note that a split-Ks H in Gm has at most one boundary 
split pair on C, by Lemma 15. 

Case 1. None of dq, • • • i ^4 are inner split nodes. 

If C has no boundary split pair either, then H is homeomorphic to A^i, and hence H 
has a geometric realization H, as shown in the left of Figure 10. Note that H is convex 
since each face of H is triangular. In H, fix the position of the vertices of C so that only 
one edge e of C can be half seen and all other edges of C can be completely seen from 
some point x = (1, —1, 20) in R"^. Since the boundary of each face of H gives an exhibition 
in E^, we can get a required geometric realization of Gm, by Lemma 9. 
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Figure 10: Geometric realizations of H and H' 



Let H' be a split-Ks obtained from the above H hy a boundary splitting of vq. By 
Lemma 18, a boundary splitting at vq can be applied freely so that the resulting geometric 
realization H' is convex. In particular, the convex hull of the bent Pq in H' can be 
completely seen, since the segment V0V2 of H can be seen from (1, —1, 20). Therefore, by 
Lemma 9, Gm has a required geometric realization, as shown in the right of Figure 10. 

Case 2. Both Vq and are inner split nodes. 

If each of Di, V2, is applied no splitting, then see Figure 11, where we give coordinates 
of the vertices, as follows: 

^;o = (-1,3,3), v', = {l,4A), ^'1 = (-4,0,0), ^;2 = (0,0,6), 
^;3 = (4,0,0), ^;4 = (l,-3,3), = (-1, -4, 4) 

Observe that two quadrilateral regions ViV3V4^v'4^ and ViVsv'qVq of H are flat convex quadri- 
laterals in M^, since their a;2;-coordinates are (—4, 0), (4, 0), (±1, 3), (^pl, 4). Let R be the 
pentagonal region vov'qV2v'^V4 of H. Then the embedding of dR in is an exhibition, 
since the projection of R into the plane x = is a convex pentagon whose vertices have 
yz-coordinates: (3,3), (4,4), (0,6), (—4,4), (—3,3). Hence, since other regions of are 
triangular in R^, we get a geometric realization of Gm, by Lemma 9. However, seeing 
the body from (1,-1, 20), then the convex hull of dR hides P4 completely, and hence the 
condition (ii) of the theorem might not be satisfied. 
Hence we find an auxiliary path of Gm, as follows: 

Claim. We may suppose that Gm has an internal (tiQ, 2;)-path for R, denoted by P, for 
some vertex x e ^(^"4, ^"4) — {^"4}- (See the left of Figure 11.) 

Proof. We may suppose that H is chosen in Gm so that the number of inner vertices in R 
is minimal. By the symmetry, we shall prove that there is an internal {vq, a;)-path for some 
X e V{P{v4^,v'^)) — {v^} or an internal (?;4, a:')-path for some x' e V{P{vo,v'q)) — {vq}. If 
neither of them exist, then we have an edge zw such that z is an inner vertex of P4 and w 
is an inner vertex of P{vq, V2)UP{v2, v'^), by Lemma 8. By the symmetry, we may suppose 
that w e V{P{vq, V2)) - {v'q}. Let H' = H - E{P{w, v'q)) U zw, which is a split-Ks with 
a boundary split node Vq. This is not the case, o 
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Figure 11: H with inner split nodes vq and 

Since the internal (wo,a:)-path divides R into a triangle xvqV4^ and a region, say i?', 
bounded by V()v'qV2v'^x , where we might have x = v'^. Hence, take internal point of 

the straight segment v^v'^^ in and apply Lemma 9 to R'. Then the convex hull of dR' 
no longer hides P4 completely, if we see the body from (1, —1, 20). (Figure 11 shows the 
case when x = v!^ and P is an internal {v'Q,v'^)-path.) Therefore, if we let H' be H with 
all edges of R' added, then H' has a required convex geometric realization. 

Let's check that vi and satisfy the inner splitting condition in H', since they are 
nodes of type I. Since H' is symmetric, it suffices to deal with only ^'3. For a plane tt in 
containing V2, and V4 (i.e., tt = {{x, y, 2;) e : 3x — y + '2z = 12}), all other nodes lies 
in a half-space with respect to tt. Therefore, by Observation 16, Vi and must satisfy 
the inner splitting condition, and hence, even if Vi or V3 are inner split nodes in H', then 
the corresponding H' has a convex geometric realization, by Lemma 17. 

Finally, we consider an inner splitting of V2 in H'. We put t'2 = (0,0,6 — j^), for 
example, and fix all other nodes as above. Then we can check that the regions bounded 
by V2v'2v'^Vi (or V2v'2v'^v[vi) and V2v'2v'qV3 (or V2v'2v'qv';^V3) are exhibited, since they are 
projected to the plane 2; = as a triangle or a convex quadrilateral. Therefore Gm has a 
required geometric realization, by Lemma 9. 

Case 3. Other cases. 

If exactly one of vq and 1)4 is an inner split node, then we may suppose that 114 is, 
by symmetry. Since the convex hull of voV2v'^V4 does not hide P4, we can deal with this 
case similarly to Case 2. (Figure 12 shows H with vq and applied a boundary splitting 
and an inner splitting respectively, and an example of its geometric realization.) The case 
when none of Vq and W4 are applied inner splittings can be dealt with similarly to Case 2, 
too. ■ 

The following is our main result in this section. 

Proposition 20 // a projective triangulation G is contractible to a K^-triangulation 
Vl, then G — f has a geometric realization for some face f of G. 

Proof. By Lemma 15, G contains a split-i^5 H with boundary C containing five nodes 
"Vq, Vl, V2,V3, 1)4 (or six nodes Vo,Vq,Vi,V2,V3, v^), in which the near triangulation, denoted 
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Figure 12: H with a boundary split node Vo and an inner split node V4 

by {Gd, C), admits five chordless disjoint paths Qi {i = 0, 1, 2, 3, 4) from some inner vertex 
V to Vi such that Qo is just an edge. These five paths divide Gd into five plane graphs, 
denoted by Fq, Fi, F2, F3, F4, where each Fi is incident to Qi and Qi+i, for i = 0,1, 2, 3, 4. 
Here we remove a face / bounded by vvop from F4 incident to the unique edge of Qo, and 
let F[ = F^ — f, where p ^ {v, vq] is a vertex of F4. (See the right side of Figure 13.) 

Let Gm denote the Mobius triangulation with boundary C. Then, by Lemma 19, Gm 
has a geometric realization Gm such that each Pi is a straight-line segment (only Pq might 
bend), and that from some fixed point a: in M^, an edge, say e, on P4 incident to Vq is half 
seen, and all other edges on OGm can be completely seen. (See the left side of Figure 13.) 




Figure 13: Pasting Gd with one face removed to OGm 

Now, using the fixed point x e M^, we first put F4 in Gm, as follows. If p = V4, then 
we have F4 = /, and hence we have nothing to do. If p is an inner vertex of F4, then 
we put F4 in Gm so that F^ does not collide with the body, moving the position of inner 
vertices on P4, by Lemma 10. If p is an inner point of P4, then we apply Lemma 9. Since 
the edge e incident to / is half seen and all other edges on P4 are completely seen from 
X, we can put F^ in Gm naturally. If p is an inner point of Q4, then fixing p on Q4 in the 
position seeing Vq, we put P^' in the body, by Lemma 9. 

Finally, we shall put Pn. Pi. Pj. Ph in the body of Gm U P4, making them be flat 
triangular disks by Lemma 9. (If Pq bends at v'q, then the convex hull of Vo,v'q, Vi can be 
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completely seen from v, by Lemma 19. Hence we can apply Lemma 9 to Fq, since the 
positions of x,vo,Vq,vi of dFo gives an exhibition.) ■ 

8 Proof of the theorem 

Proof of Theorem 1. Let G be a projective triangulation. By Lemma 14, either G 
contains a K4-quadrangulation as a subgraph or it is contractible to Kg. In the former 
case, apply Proposition 13, and in the latter case, apply Proposition 20. ■ 
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